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Edqnlqj H!flhqf| dqg wkh Hfrqrplf Wudqvlwlrq Surfhvv
Vdpl QDELW Wdrxn UDMKL_
Mdqylhu 5335
Devwudfw
Wklv sdshu lqyhvwljdwhv wkh uroh ri wkh edqnlqj v|vwhp lq wkh hfrqrplf wudqvlwlrq surfhvv1 Wklv lv
frqvlghuhg lq wkh frqwh{w ri dq ryhuodsslqj jhqhudwlrq prgho zlwk hqgrjhqrxv jurzwk1 Wkhuh duh wzr
surgxfwlrq whfkqrorjlhv/ rqh iru wkh surgxfwlrq ri d qdo jrrg dqg wkh rwkhu iru wkh surgxfwlrq ri dq
lqyhvwphqw jrrg1 Wkh uhwxuq wr fdslwdo lqyhvwhg lq wkh lqyhvwphqw jrrg whfkqrorj| lv vwrfkdvwlf1 Edqnv
froohfw wkh vdylqj ri krxvhkrogv dqg qdqfh wkh surgxfwlrq ri wkh lqyhvwphqw jrrg zkloh uhvshfwlqj vrph
suxghqwldo uxohv 1
Zh vkrz wkdw fdslwdo dffxpxodwlrq lv frqvwlwxwhg ri vhyhudo skdvhv dqg wkdw wkh hfrqrplf wudqvlwlrq
surfhvv ghshqgv rq wkh iudjlolw| ri wkh qdqfldo v|vwhp ghqhg dv wkh ghjuhh ri wkh fuhglw pdunhw shuihfwlrq
dqg edqn lqh!flhqf|1 Khqfh/ h!flhqw edqnv hqdeoh wkh hfrqrp| wr uhvlvw edg shuirupdqfh lq wkh lqyhvwphqw
jrrg vhfwru1 Krzhyhu/ lq wkh fdvh ri lqh!flhqw edqnv/ wkh vlwxdwlrq fdq ghjhqhudwh lq wr d frqghqfh fulvlv lq
wkh edqnlqj v|vwhp ghod|lqj wkh hfrqrplf wudqvlwlrq surfhvv e| vhyhudo |hduv1 Zh vkrz wkdw wklv qhjdwlyh
lpsdfw lv pruh vhyhuh zkhq wkh hfrqrp| lv ohvv ghyhorshg1
Nh| Zrugv= Edqnlqj h!flhqf|/ frqghqfh fulvlv/ wudqvlwlrq surfhvv1
MHO Fodvvlfdwlrq= J47/ J54/ R33/ R49
WWHDP/ Xqlyhuvlwì Sdulv L SDqwkìrq Vruerqqh hw FQUV1 H0pdlo= qdelCxqly0sdulv41iu
_FULHI/ Xqlyhuvlwì gh Srlwlhu hw WHDP/ Xqlyhuvlwì Sdulv L SDqwkìrq Vruerqqh hw FQUV1 H0pdlo= udmklCxqly0
sdulv41iu
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4 Lqwurgxfwlrq
Wkh lpsruwdqfh ri wkh qdqfldo vhfwru iru hfrqrplf jurzwk kdv ehhq h{whqvlyho| dqdo|}hg lq uhfhqw
|hduv1 Wkh olwhudwxuh zklfk vwduwhg zlwk PfNlqqrq +4<:6, dqg Jxuho| dqg Vkdz +4<:6, kdv vkrzq
wkdw wkh h{lvwhqfh ri d vwdeoh qdqfldo vwuxfwxuh sod|v dq hqruprxv uroh lq hqfrxudjlqj hfrqrplf
jurzwk1 Ehuqdqnh dqg Jhuwohu +4<;<, vwuhvv wkh lpsruwdqfh ri fuhglw pdunhw lpshuihfwlrqv lq wkh
djjuhjdwh  xfwxdwlrqv ri lqyhvwphqw1 Rwkhu sdshuv olnh Ehqflyhqjd dqg Vplwk +4<<5,/ Juhhqzrrg
dqg Mrydqrylf +4<<3, dqg Jxloodug dqg Udmkl +4<<6, ghyhors hqgrjhqrxv jurzwk prghov lqfoxglqj
d qdqfldo vhfwru dqg vkrz wkdw h!flhqw qdqfldo lqwhuphgldulhv idflolwdwh wkh doorfdwlrq ri vdylqjv
wr surgxfwlyh lqyhvwphqwv e| uhgxflqj lqirupdwlrq frvwv1
Krzhyhu/ wkhuh duh ihz wkhruhwlfdo dwwhpswv wr dqdo|}h wkh lqwhudfwlrqv ehwzhhq wkh qdqfldo
vhfwru dqg wkh g|qdplf ri fdslwdo dffxpxodwlrq zklfk fdq h{sodlq wkh vlpxowdqhrxv edqnlqj fulvhv
dqg hfrqrplf uhfhvvlrq1 Wklv lv dq lpsruwdqw lvvxh iru wzr uhdvrqv1 Iluvw/ rqh fdq h{shfw wkdw
vrph dvshfwv ri wkh qdqfldo vhfwru0jurzwk uhodwlrq ydu| zlwk wkh vwdjh ri hfrqrplf ghyhorsphqw1
Vhfrqg/ wkh uhodwlrq ehwzhhq edqnlqj fulvlv dqg hfrqrplf uhfhvvlrq lqfoxghv phfkdqlvpv wkdw glhu
iurp wkh qdqfldo vhfwru shuirupdqfh0jurzwk uhodwlrq1 Lqghhg/ wkh rffxuuhqfh dqg wkh pdjqlwxgh
ri edqnlqj fulvlv dqg hfrqrplf uhfhvvlrq ghshqg rq wkh hfrqrp|*v vwdjh ri ghyhorsphqw/ lwv fdslwdo
dffxpxodwlrq ohyho dqg lwv fdsdflw| wr devrue wkh lpshuihfwlrqv ri wkh qdqfldo v|vwhp1
Lq rwkhu whupv/ wkh hhfw ri d edqnlqj fulvlv rq hfrqrplf dfwlylw| ghshqgv rq wkh hfrqrp|*v
fdsdflw| wr devrue lw1 Lq dgglwlrq/ wkh olnholkrrg ri dq hfrqrplf uhfhvvlrq ghjhqhudwlqj lq wr d
edqnlqj fulvlv ghshqgv rq wkh ohyho ri fdslwdo dffxpxodwlrq1 Khqfh/ d qhjdwlyh pdfurhfrqrplf
vkrfn wkdw dhfwv dq hfrqrp| zlwk orz fdslwdo dffxpxodwlrq dqg dq lqh!flhqw edqnlqj v|vwhp pd|
ghjhqhudwh lq wr d edqnlqj fulvlv dqg d surorqjhg uhfhvvlrq1 Krzhyhu/ dq hfrqrp| zlwk d kljk ohyho
ri fdslwdo dffxpxodwlrq fdq devrue wkh qhjdwlyh pdfurhfrqrplf vkrfn hyhq li lw kdv dq lqh!flhqw
edqnlqj v|vwhp1
Vhyhudo h{dpsohv vxfk dv wkh Ph{lfdq fulvhv ri 4<<7 dqg 4<<8/ wkh Hdvw Dvldq fulvlv ri 4<<:/
wkh Mdsdqhvh uhfhvvlrq/ wkh Uxvvldq fulvlv ri 4<<; dqg uhfhqwo| wkh fulvlv ri Dujhqwlqd/ frqvrolgdwh
wklv srlqw ri ylhz1 Dowkrxjk vrph phfkdqlvpv uhodwhg wr lqwhuqdwlrqdo fdslwdo pdunhwv sod|hg dq
lpsruwdqw uroh lq wuljjhulqj wkh fulvhv/ lw vhhpv wkdw pruh ghyhorshg hfrqrplhv duh pruh deoh wr
devrue wkh hhfw ri d edqnlqj fulvlv1
Lq wklv sdshu zh wu| wr hoxflgdwh wkh uhodwlrq ehwzhhq wkh ghjuhh ri hfrqrplf ghyhorsphqw dqg
wkh rffxuuhqfh ri edqnlqj fulvhv dv zhoo dv wkh shuvlvwhqfh ri wkh uhfhvvlrqv jhqhudwhg e| wkhvh
fulvhv1 Iru wklv sxusrvh/ zh fkrrvh dq hqgrjhqrxv jurzwk iudphzrun zklfk hqdeohv xv wr prgho wkh
wudqvlwlrq ri d orzhu ghyhorshg hfrqrp|/ zlwk qr edqnlqj v|vwhp/ wrzdugv d pruh ghyhorshg rqh
zkhuh edqnv sod| d fuxfldo uroh1 Wklv iudphzrun hqdeohv xv wr ghwhuplqh wkh uroh ri wkh edqnv lq wkh
hfrqrplf wudqvlwlrq surfhvv +frqvlghuhg iurp dq hfrqrplf srlqw ri ylhz/ l1h1 fdslwdo dffxpxodwlrq
dqg jurzwk/ dqg qrw wkh lqvwlwxwlrqdo rqh,1
Wkh prgho wkdw zh suhvhqw lv dq ryhuodsslqj jhqhudwlrq prgho lq zklfk sulydwh djhqwv qhhg edqnv
wr qdqfh wkhlu lqyhvwphqw surmhfw1 Wr qdqfh wkh surmhfwv wkh edqnv vkrxog uhvshfw wzr suxghqwldo
uxohv ru frqvwudlqwv1 Wkh uvw lv uhodwhg wr wkh vroyhqf| ri wkh surmhfwv dqg wkh vhfrqg frqfhuqv
wkh surmhfwv* surwdelolw| ru htxlydohqwo| wkh edqn*v h!flhqf|1 D vlplodu vroyhqf| frqvwudlqw lv xvhg
lq Pdwvx|dpd +5334, zkhuh wkhuh lv qr edqnlqj v|vwhp dqg pdfurhfrqrplf vkrfnv1 Rqh ri rxu
uhvxowv frqfhuqv wkh ghshqghqfh ri wkh ohyho ri fdslwdo dffxpxodwlrq rq fuhglw pdunhw shuihfwlrq +lq
dgglwlrq wr wkh edqnv h!flhqf|, zklfk frqwudglfwv wkh uhvxow ri Pdwvx|dpd +5334,1 Wklv lv gxh
wr wkh lqwurgxfwlrq lq rxu prgho ri d edqnlqj v|vwhp dqg wkh xvh ri d frqvwdqw uhwxuqv wr vfdoh
whfkqrorj|1
Lq rxu sdshu wkh hfrqrp|*v qdqfldo iudjlolw| dqg srru pdfurhfrqrplf frqglwlrqv pd| jhqhudwh
d frqghqfh fulvlv lq wkh edqnlqj v|vwhp dqg fdxvh d uhfhvvlrq1 Wkh lpsdfw ri qdqfldo iudjlolw| rq
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hfrqrplf dfwlylw| kdv ehhq wuhdwhg e| ydulrxv dxwkruv dwwhpswlqj wr h{sodlq wkh X1V Juhdw Ghsuhv0
vlrq1 Ehuqdqnh dqg Jhuwohu +4<<3, ghqh qdqfldo iudjlolw| dv d vlwxdwlrq lq zklfk wkh eruurzhuv
kdyh orz zhdowk uhodwlyh wr wkh vl}h ri wkhlu surmhfw dqg sulydwh lqirupdwlrq derxw wkh surmhfw*v
uhwxuq1 Wklv vlwxdwlrq ohdgv wr lqfuhdvhg djhqf| frvwv dqg wr srru shuirupdqfh lq wkh lqyhvwphqw
vhfwru1 Frrshu dqg Fruedh +5333, ghqh qdqfldo iudjlolw| lq uhodwlrq wr ghsrvlwruv* frqghqfh
lq wkh lqwhuphgldwlrq surfhvv1 Lq rxu sdshu/ qdqfldo iudjlolw| kdv wzr frpsrqhqwv1 Wkh uvw lv
wkh lqh!flhqf| ri wkh edqnv lq vfuhhqlqj surmhfwv dqg ghwhuplqlqj lwv hhfwlyh ulvn1 Wkh vhfrqg lv
wkh fuhglw pdunhw lpshuihfwlrq1 Wkh uvw frpsrqhqw frqwulexwhv gluhfwo| wr wkh rffxuuhqfh ri wkh
edqnlqj fulvlv/ zkhuhdv wkh vhfrqg lv lqgluhfwo| lqyroyhg1
Lq wklv prgho/ ghsrvlwruv* frqghqfh lq wkh edqnlqj v|vwhp lv hvvhqwldo dv lq Frrshu dqg Fruedh
+5333,1 Lq wkh odwwhu/ wkh ghsrvlwruv* orvv ri frqghqfh lq wkh edqnlqj v|vwhp uhvxowv iurp dq
h{rjhqrxv fkdqjh lq h{shfwdwlrqv derxw wkh ghsrvlw*v qhw uhwxuq1 Lq rxu prgho/ wkh frqghqfh fulvlv
lv wkh frqvhtxhqfh ri wkh edqnv* lqdelolw| wr krqru wkhlu qdqfldo hqjdjhphqwv1
Wkh sdshu vkrzv wkdw qdqfldo iudjlolw| fdq ohdg wr hfrqrplf uhfhvvlrq zlwk shuvlvwhqw hhfwv li
srru pdfurhfrqrplf frqglwlrqv rffxu zkhq wkh hfrqrp| lv dw d ghwhuplqhg vwdjh ri ghyhorsphqw
+d }rqh ri yxoqhudelolw| wr edqnlqj fulvlv,1 Wklv frqfxuv zlwk wkh uhvxow ri Ehuqdqnh dqg Jhuwohu
+4<<3,1 Wkh g|qdplf dvshfw ri rxu prgho doorzv xv wr frqfoxgh wkdw d pruh shuihfw fuhglw pdunhw
whqgv wr sodfh wkh hfrqrp| rxwvlgh wkh yxoqhudelolw| uhjlrq1
Lq vhfwlrq wzr zh frqvlghu dq h!flhqw edqnlqj v|vwhp dqg vkrz wkdw wkh g|qdplf ri fdslwdo
dffxpxodwlrq lv frqvwlwxwhg ri vhyhudo skdvhv/ dqg wkdw wkh hfrqrplf wudqvlwlrq surfhvv lv ghshqghqw
rq fuhglw pdunhw shuihfwlrq1 Ehfdxvh edqnv duh h!flhqw/ wkh hfrqrp| uhvlvw edg shuirupdqfh lq wkh
lqyhvwphqw jrrgv vhfwru 1
Lq wkh wklug vhfwlrq/ zh frqvlghu dq lqh!flhqw edqnlqj v|vwhp1 Wkh edg shuirupdqfh lq wkh
lqyhvwphqw jrrgv vhfwru pd| dhfw wkh edqn*v delolw| wr krqru wkh ghsrvlw frqwudfw/ fdxvlqj gh0
srvlwruv* orvv ri frqghqfh lq wkh edqnlqj v|vwhp1 Lq wklv fdvh/ wkh hfrqrplf wudqvlwlrq surfhvv lv
lqklelwhg1 Zh vkrz wkdw wkh orzhu wkh ohyho ri fdslwdo dffxpxodwlrq wkh pruh vhyhuh wkh hhfw ri
wkh frqghqfh fulvlv lq wkh edqnlqj v|vwhp1
5 Wkh Prgho
Zh frqvwuxfw dq ryhuodsslqj jhqhudwlrq prgho1 Hdfk jhqhudwlrq frqvlvwv ri d frqwlqxxp ri djhqwv
olylqj iru wzr shulrgv1 Wkhuh duh wzr surgxfwlrq whfkqrorjlhv lq wkh hfrqrp|> d whfkqrorj| iru wkh
surgxfwlrq ri d qdo jrrg dqg dqrwkhu iru wkh lqyhvwphqw jrrg1 Wkh qdo jrrgv fdq eh xvhg iru
frqvxpswlrq dqg surgxfwlrq ri wkh lqyhvwphqw jrrg1 Wkh lqyhvwphqw jrrgv lv xvhg dv dq lqsxw lq
wkh qdo jrrg surgxfwlrq whfkqrorj|1 Pruhryhu/ wkhuh lv d edqn pdqdjhg e| d fhqwudo edqnhu zklfk
jdwkhuv krxvhkrog vdylqjv dqg ohqgv wr hqwuhsuhqhxuv lq wkh lqyhvwphqw jrrgv vhfwru1
514 Vhtxhqfh ri Hyhqwv
Wkh wlplqj ri hyhqwv fdq eh vxppdul}hg dv iroorzv1 Gdwh w pdunv wkh ehjlqqlqj ri shulrg w.4 dqg
wkh hqg ri shulrg w= Hdfk gdwh d qhz jhqhudwlrq ri wzr0shulrg olylqj lqglylgxdov lv eruq1
Dq lqglylgxdo eruq rq gdwh w  4 zrunv zkhq kh lv |rxqj +l1h1 gxulqj lwv uvw shulrg ri olih, lq
wkh qdo jrrg surgxfwlrq vhfwru dqg frqvxphv dw gdwh w . 4 ehiruh g|lqj1 Dw gdwh w/ kh hduqv d
zdjh wkhq ghflghv krz wr xvh lw gxulqj shulrg w. 41 Kh fdq ghsrvlw lw dw wkh edqn dqg uhfhlyh wkh
sulqflsdo dqg lqwhuhvw dw w . 4/ ru kh fdq xvh lw wr xqghuwdnh dq lqyhvwphqw surmhfw/ lq zklfk fdvh
kh pd| qhhg wr eruurz prqh| iurp wkh edqn1
Wkhuhiruh/ lq jhqhudo wkhuh duh lq hdfk shulrg ghsrvlwruv dqg hqwuhsuhqhxuv dprqj wkh roghu
jhqhudwlrq1 Wklv lv qrw wkh fdvh zkhq srwhqwldo ghsrvlwruv kdyh qr frqghqfh lq wkh edqn dqg
suhihu wr krog wkhlu zdjhv dw krph xqwlo wkh hqg ri wkhlu olih1 Lq wklv fdvh wkhuh lv qr vdylqj dqg wkh
hqwuhsuhqhxuv kdyh qr dffhvv wr edqn ordqv1
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Dq hqwuhsuhqhxu zkr xqghuwdnhv d surmhfw gxulqj shulrg w.4 vhoov lwv lqyhvwphqw jrrg surgxfwlrq
wr wkh qdo jrrg surgxfwlrq vhfwru1
515 Surgxfwlrq Whfkqrorj|
51514 Wkh Ilqdo Jrrg Surgxfwlrq Whfkqrorj|
Wkh qdo jrrgv duh surgxfhg zlwk wkh lqyhvwphqw jrrg/ Nw> dqg oderu/ Ow> xvlqj wkh Free0Grxjodv
whfkqrorj|
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51515 Wkh Lqyhvwphqw Jrrg Surgxfwlrq Whfkqrorj|
Wkh lqyhvwphqw jrrg lv surgxfhg zlwk wkh qdo jrrg xvlqj wkh iroorzlqj whfkqrorj|> z  4 lqglylvleoh
xqlwv ri d qdo jrrg lqyhvwhg dw w |lhogvv Uw.4 xqlwv ri lqyhvwphqw jrrg dw w.4=
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Ohw Vw eh d yduldeoh wkdw wdnhv wkh ydoxh +kljk, K li wkh uhwxuq Uw lv htxdo wr U. dqg +orz, O
lq wkh rwkhu fdvh1 Rqfh wkh txdqwlw| Uw.4 ri wkh lqyhvwphqw jrrg lv surgxfhg/ wkh hqwuhsuhqhxuv zloo
vhoo lw wr wkh qdo jrrg whfkqrorj| dqg uhfhlyh Uw.4 qdo jrrgv +ehfdxvh rqh xqlw ri wkh lqyhvwphqw
jrrg jlyhv  xqlwv ri wkh qdo jrrg,1 Wkhuhiruh/ wkh uhwxuq ri wklv whfkqrorj| lv
Uw.4
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516 Djhqwv* Ehkdylru
Hdfk djhqw ri wkh ^3> 4` frqwlqxxp ri lqglylgxdov ri jhqhudwlrq w  4 eruq dw gdwh w  4 vxssolhv
lqhodvwlfdoo| rqh xqlw ri oderu lq wkh uvw shulrg ri lwv olih lq wkh qdo jrrg surgxfwlrq vhfwru/ vr
wkdw wrwdo oderu vxsso| lv
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Dw gdwh w kh hduqv d zdjh zw dqg kdv wr ghflgh krz wr xvh lw xqwlo gdwh w.4 zkhq kh frqvxphv
doo klv zhdowk ehiruh g|lqj1 Wkh djhqw*v ghflvlrq frqvlvwv ri pd{lpl}lqj klv zhdowkZw.4= Ghsrvlwlqj
zdjhv lq wkh edqn dw d jurvv lqwhuhvw udwh ri uw.4 lqfuhdvhv zhdowk wr
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Zkhuhdv/ xqghuwdnlqj d surmhfw |lhogv wkh iroorzlqj h{shfwhg zhdowk
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w.4 hdfk djhqw zloo suhihu wr xqghuwdnh d surmhfw1 Krzhyhu rqo| d
sursruwlrq sw ri lqglylgxdov hhfwlyho| ehfrph hqwuhsuhqhxuv1 Wkh uhpdlqghu sursruwlrq/ 4 sw / lv
fuhglw0udwlrqhg dqg ghsrvlw klv zdjhv dw wkh edqn1
Lq wkh fdvh ri qr frqghqfh lq wkh edqnlqj v|vwhp srwhqwldo ghsrvlwruv nhhs wkhlu zdjhv rxw ri
wkh edqn1 Zh zloo jlyh ghwdlov ri wklv phfkdqlvp lq iroorzlqj vhfwlrqv1
517 Hfrqrplf Ghyhorsphqw Skdvhv
Lq wklv sdshu/ zh vwxg| wkh lqwhudfwlrq ehwzhhq wkh qdqfldo v|vwhp dqg hfrqrplf ghyhorsphqw lq
dq hfrqrp| zklfk lv lqlwldoo| hqgrzhg zlwk d orz vwrfn ri fdslwdo1 Wr idflolwdwh wkh dqdo|vlv zh
sursrvh glylglqj wkh hfrqrplf ghyhorsphqw surfhvv lqwr glhuhqw skdvhv dffruglqj wr wkh iroorzlqj
uhdvrqlqj1
Lqlwldoo|/ wkh hfrqrp|*v vwrfn ri fdslwdo lv n3 vxfk wkdw z+n3, ? z/ zklfk lv htxlydohqw wr
n3 ? n @
z
4
Wkh uvw ghyhorsphqw skdvh lv wkhuhiruh ^n3> n^ zkhuh hdfk hqwuhsuhqhxu kdv wr eruurz z zw wr
qdqfh klv surmhfw1 Zkhq wkh vwrfn ri fdslwdo uhdfkhv wkh ohyho n wkh vhfrqg hfrqrplf ghyhorsphqw
skdvh ^n>5n^ ehjlqv1 Lq wklv skdvh wkh hqwuhsuhqhxu*v zdjh vdwlvhv
z  zw ? 5 z
Wkhuhiruh wkh hqwuhsuhqhxu fdq vhoi0qdqfh klv uvw surmhfw exw grhv qrw kdyh vx!flhqw fdslwdo
wr qdqfh wkh vhfrqg surmhfw1 Kh zloo wkhuhiruh uhtxluh edqn ordqv1 Lq wklv skdvh/ wkh edqn frqvlghuv
wkh uvw surmhfw dv d jxdudqwhh djdlqvw wkh hqwuhsuhqhxu*v ghidxow dqg fkdqjhv wkh suxghqwldo uxohv
wkdw zhuh dssolhg lq wkh uvw skdvh ri ghyhorsphqw1
Lq jhqhudo/ wkh qwk skdvh ri ghyhorsphqw fruuhvsrqgv wr wkh uhjlrq ^+q 4,n> qn^ zkhuh hdfk
hqwuhsuhqhxu fdq vhoi0qdqfh q 4 surmhfwv dqg dvn iru edqn ordqv wr qdqfh wkh qwk surmhfw1
Lq wklv sdshu zh irfxv rq wkh uvw skdvh ri ghyhorsphqw ^n3> n^ zklfk zh fdoo wkh
wudqvlwlrq skdvh ehfdxvh lw pdunv/ dv zh zloo vhh/ wkh hphujhqfh ri wkh edqn*v hfrqrplf uroh dqg
wkh sdvvdjh iurp d orz vwrfn ri fdslwdo n3 wr d uhodwlyho| kljk rqh n=
8
6 Wkh Hfrqrplf Wudqvlwlrq Surfhvv lq wkh fdvh ri H!flhqw
Edqnv
614 Wkh H!flhqw Edqn
Wkh edqn jdwkhuv krxvhkrog vdylqj dqg ohqgv lw wr wkh hqwuhsuhqhxuv ri wkh lqyhvwphqw jrrg vhfwru1
Lw kdv wr { wkh vxlwdeoh lqwhuhvw udwh rq ordqv/ zklfk lv dovr wkh jurvv ghsrvlw uhwxuq udwh/ lq rughu
wr vdwlvi| wzr suxghqwldo uxohv= wkh surwdelolw| dqg wkh vroyhqf| ri surmhfwv1 Lq dgglwlrq/ lw kdv
wr krog vrph uhvhuyhv wr idfh wkh srvvleoh ghidxow ri hqwuhsuhqhxuv lq wkh fdvh ri srru hfrqrplf
shuirupdqfh lq wkh lqyhvwphqw jrrg vhfwru1
61414 Wkh Lqwhuhvw Udwh
Dw wkh ehjlqqlqj ri shulrg w . 4/ l1h1 dw gdwh w> wkh edqn {hv wkh lqwhuhvw udwh uw.4 lq rughu wr
hqfrxudjh wkh rog djhqw wr xqghuwdnh lqyhvwphqw jrrg surmhfwv1 Wklv phdqv wkdw lw zloo eh pruh
surwdeoh wr wkhp wr xqghuwdnh d surmhfw wkdq wr ghsrvlw wkhlu prqh| dw wkh edqn1 Xvlqj htxdwlrqv
+5, dqg +6, wkh lqwhuhvw udwh kdv wr eh {hg vxfk wkdw
Hw+Z
s
w.4, Z
g
w.4
zklfk jlyhv wkh iroorzlqj surwdelolw| frqvwudlqw
H+U,
z
 uw.4 +7,
Lq dgglwlrq/ wkh edqn kdv wr hqvxuh wkdw +rq dyhudjh, wkh hqwuhsuhqhxu zloo qrw ghidxow1 Khqfh/ lw
kdv wr { wkh lqwhuhvw udwh vxfk wkdw wkh lqwhuhvw sd|phqwv vkrxog eh lqihulru wr wkh ghidxow shqdow|
uhsuhvhqwhg e| H+U, +zklfk lv wkh edqn vhl}xuh,= Wklv lv irupxodwhg e| wkh iroorzlqj vroyhqf|
frqvwudlqw
uw.4 + z zw, ~} 
Lq w h u h v w S d|p h q w
 H+U, ~} 
G h idx o w S hq d ow |
+8,
Wkh sdudphwhu  5 `3>4` lv d vwuxfwxudo sdudphwhu ri wkh hfrqrp| zklfk phdvxuh wkh v|vwhplf
ulvn uhodwhg wr wkh fuhglw pdunhw lpshuihfwlrq1 Wkh pd{lpxp h{shfwhg dprxqw wkdw wkh edqn fdq
vhl}h lq fdvh ri ghidxow lv sursruwlrqdo wr wkh h{shfwhg surmhfw surgxfwlrq1
Wr froohfw djhqwv* vdylqj wkh jurvv lqwhuhvw udwh kdv wr vdwlvi| wkh iroorzlqj frqglwlrq=
uw.4 A 4 +9,
rwkhuzlvh wkh| zloo nhhs wkhlu vdylqjv rxw ri wkh edqn xqwlo wkh hqg ri wkhlu olih1
Sursrvlwlrq 4
iru nw  nd frqglwlrq +8, grplqdwhv +7,
iru nd ? nw  n frqglwlrq +7, grplqdwhv +8,
zkhuh nd @ z
4 
4 
Surri1 Vhh dsshqgl{ L1
Iru nw ? np/ vdwlvi|lqj wkh vroyhqf| frqvwudlqw phdqv vhwwlqj dq lqwhuhvw udwh uw.4 ? 4= Exw
dw wklv lqwhuhvw udwh srwhqwldo ghsrvlwruv zloo suhihu wr krog wkhlu fdslwdo xqwlo wkh hqg ri wkhlu
9
olih1 Khqfh/ lq wkh uhjlrq ri wkh orzhu vwdjh ri ghyhorsphqw4/ `3> np^/ grphvwlf vdylqj lv khog rxw
ri wkh edqnlqj v|vwhp ghsulylqj wkh hfrqrp| ri lpsruwdqw uhvrxufhv iru lwv fdslwdo dffxpxodwlrq
g|qdplf1Wklv fruuhvsrqgv ri dq lqirupdo hfrqrp|1
Dw wkh hduolhu vwdjh ri wkh hfrqrplf ghyhorsphqw +nw  nd, +8, grplqdwhv +7, zklfk phdqv wkdw
li +8, lv vdwlvhg wkhq +7, lv vdwlvhg1 Lq htxloleulxp/ wkh lqwhuhvw udwh lv {hg vxfk wkdw wkh vroyhqf|
frqvwudlqw lv vdwlvhg1 Lq wklv fdvh/ vrph surwdeoh surmhfwv duh fuhglw udwlrqhg1
Dw wkh dgydqfhg vwdjh ri wkh hfrqrplf ghyhorsphqw zkhq wkh hfrqrp| dffxpxodwhv d vx!flhqw
ohyho ri fdslwdo +nw A nd, wkh hqwuhsuhqhxu*v vkduh lq wkh surmhfw qdqflqj lqfuhdvhv vx!flhqwo|
vr wkdw +7, grplqdwhv +8,1 Lq htxloleulxp/ wkh lqwhuhvw udwh lv {hg vxfk wkdw wkh surgxfwlrq ri
lqyhvwphqw jrrgv lv surwdeoh1 Ilqdoo|/ wkh lqwhuhvw udwh lv ghwhuplqhg e| wkh iroorzlqj
uw.4 @
;A?
A=
H+U,
z  +4,nw
li np  nw  nd
H+U,
z
li nd ? nw  n
+:,
Zkhuh np lv rewdlqhg e| vhwwlqj
H+U,
z  +4,nw
@ 4
dqg wkh iroorzlqj krogv
np @
z  H+U,
4 
Wr yhuli| frqglwlrq +9, wkh sdudphwhuv kdyh wr eh fkrvhq vxfk wkdw
+U. +5  4,, A z
Iljxuh +5, looxvwudwhv htxdwlrq +:,
61415 Edqn Uhvhuyhv Shu Surmhfw
Edqn uhvhuyhv shu surmhfw duh htxdo wr wkh dprxqw ri srvvleoh ghidxow shu surmhfw1 Wkhuhiruh/ ehiruh
ghwhuplqlqj lwv h{suhvvlrq zh vkrxog ghwhuplqh lq zklfk fdvhv wkh hqwuhsuhqhxuv ghidxow rq wkhlu
ordqv dw wkh hqg ri shulrg w.4=
Sursrvlwlrq 5
iru nw  ne wkhuh lv d v|vwhpdwlf ghidxow ri wkh hqwuhsuhqhxuv li dqg rqo| li Vw.4 @ O
iru ne ? nw  n wkhuh lv qr ghidxow zkdwhyhu wkh vwdwh Vw.4
zkhuh ne @ nd .
z5
+4,H+U,
Surri1 Vhh dsshqgl{ LL1
Li nw  ne dqg Vw.4 @ O kdsshqv dw wkh hqg ri shulrg w.4/ hqwuhsuhqhxuv kdyh dq lqfhqwlyh wr
ghidxow rq wkhlu ordqv1 Wklv rffxuv ehfdxvh wkh frvw ri ghidxow +U , lv lqihulru wr wkh lqwhuhvw
sd|phqw uw.4 + z zw,=
4Wkh edqnlqj vwuxfwxuh ri wkh Vrylhw wlph zdv d vlpsoh v|vwhp ri sd|phqw zlwk qr rulhqwdwlrq wrzdugv wkh
pdunhw +Erqlq dqg Zdfkwho +4<<<,,1 Wkh ghyhorsphqw ri frpphufldo edqnv wr qdqfh sulydwh lqyhvwphqw surmhfwv
dffrpsdqlhg wkh wudqvlwlrq1
:
Wkh dprxqw ri wkh ghidxow shu surmhfw lv wkhuhiruh htxdo wr wkh glhuhqfh ehwzhhq wkh lqwhuhvw
sd|phqw dqg wkh dprxqw wkdw wkh edqn fdq vhl}h
gw @ uw.4 + z zw, +U ,
Xvlqj +:, zh rewdlq
gw @
;?
=
5 li np  nw  nd
H+U, i z  ^4 ` nwj +U , li nd ? nw  ne
3 li ne ? nw  n
+;,
Lq wkh uhjlrq ^3> np` wkh edqn sod|v qr uroh/ vr wkdw wkh edqn uhvhuyhv dqg wkh lqwhuhvw udwh duh vhw
wr }hur1 Wkh hfrqrplf wudqvlwlrq iurp uhjlrq ^np> nd` wr ^nd> ne` lv dffrpsdqlhg e| wkh uhgxfwlrq ri
wkh dprxqw ri wkh srvvleoh ghidxow shu surmhfw1 Lq uhjlrq ^np> nd`/ wkh vroyhqf| frqvwudlqw grplqdwhv
wkh surwdelolw| frqvwudlqw vr edqn uhvhuyhv duh dw wkhlu pd{lpxp dqg wkh lqwhuhvw udwh lv orzhu
wkdq wkdw ri uhjlrqv ^nd> ne` > ^ne> n` = Lq uhjlrq ^ne> n` > wkhuh lv qr ghidxow dqg edqn uhvhuyhv duh
}hur1 Lq wklv uhjlrq/ wkh qxpehu ri uhdol}hg surmhfwv dqg wkh jurzwk udwh duh pd{lpdo1 Iljxuh +6,
looxvwudwhv htxdwlrq +;,1
615 Wkh Sursruwlrq ri Hqwuhsuhqhxuv
 Iru nw 5 ^np> n`1 Ehfdxvh ri wkh srvvlelolw| ri ghidxow wkh edqn kdv wr fxw uhvhuyhv wr sd|
lwv ghsrvlwruv wkh wrwdo dprxqw ri uw.4 +4 sw,zw dw wkh hqg ri shulrg w . 4= Vlqfh sw lv wkh
sursruwlrq ri hqwuhsuhqhxuv/ Ew/ wrwdo edqn uhvhuyhv dw wkh ehjlqqlqj ri shulrg w.4> duh jlyhq
e|
Ew @ swgw +<,
Li wkh hqwuhsuhqhxuv sd| edfn wkhlu ordqv dw wkh hqg ri shulrg w/ zklfk fruuhvsrqgv wr Vw @ K
/ wkhq shulrg w edqn uhvhuyhv Ew4 zloo vhuyh iru wkh frqvwlwxwlrq ri shulrg w . 4 uhvhuyhv 1 Wr
ghwhuplqh wkh qhfhvvdu| dprxqw ri uhvhuyhv wkdw wkh edqn zloo fxw dw hdfk shulrg iurp wkh wrwdo
ghsrvlw zh irupxodwh wklv dv d iudfwlrq w ri wkh vdodu| pdvv zw dqg zh kdyh
Ew @ wzw .4iVw@KjEw4 +43,
Zh kdyh dovr wkh iroorzlqj htxdwlrq
+4 sw,zw ~} 
Wrwdo ghsrvlw
@ wzw~}
Uhvhuyhv fxw dw gdwh w
. sw+ z zw, ~} 
Wrwdo edqn ordqv
+44,
Wkh sursruwlrq ri hqwuhsuhqhxuv lv rewdlqhg iurp htxdwlrq +44,=
sw @ +4 w,
zw
z
@ +4 w,
nw
n
+45,
Frpelqlqj +<,/ +43, dqg +45, zh rewdlq
;
w @
;A?
A=
gw
z . gw
li Vw @ O
gw
z . gw

n
nw
sw4gw4
z . gw
li Vw @K
+46,
dqg
sw @
;A?
A=
z
z . gw
nw
n
li Vw @ O
4
z . gw

z
nw
n
. sw4gw4

li Vw @ K
+47,
Qrwh wkdw z
nw
n
uhvshfwlyho| z
nw
n
.sw4gw4 duh wkh wrwdo dprxqw ri fdslwdo dydlodeoh dw wkh ehjlqqlqj
ri shulrg w. 4 zkhq wkh orz vwdwh O uhvshfwlyho| wkh kljk vwdwh K rffxuv1
 Iru nw 5 `n3> np`= Wkh hfrqrp| lv lqirupdo dqg zh sursrvh wkh iroorzlqj vlpsoh phfkdqlvp1
D iudfwlrq  ri rog lqglylgxdov froohfw wkhlu zdjhv dqg vljq vkduh frqwudfwv wr xqghuwdnh
lqyhvwphqw jrrg surmhfwv1 Dw wkh hqg ri wkh shulrg/ wkh surmhfw uhwxuq lv glylghg sursruwlrqdoo|
wr wkh dprxqw ri lqyhvwhg fdslwdo1 Wkh uhpdlqghu iudfwlrq 4 ri djhqwv ghflghv wr krog wkhlu
zdjh xqwlo wkh hqg ri wkhlu olih1 Ohw ghqrwh spw wkh sursruwlrq ri uhdol}hg surmhfwv1 Wkh
iroorzlqj htxdwlrq ghwhuplqhv spw =
] spw
3
+ z zw,gq @
] 
3
zwgq
] spw
3
zwgq
zklfk phdqv wkdw wkh dprxqw ri fdslwdo  rz qhhghg wr dfklhyh spw surmhfwv lv htxdo wr wkh
vkduhkroghuv wrwdo fdslwdo1 Zh rewdlq
spw @ 
zw
z
@ 
nw
n +48,
Qrwh wkdw wkh hqwuhsuhqhxuv kdyh qr lqfhqwlyh wr uhsd| wkh vkduhkroghuv* wrwdo slhfh lq wkh fdnh1
Li vrph hqwuhsuhqhxuv ghidxow/ wklv pd| glvvxdgh ixwxuh jhqhudwlrqv iurp vljqlqj vkduh frqwudfwv/
fdxvlqj d vorzgrzq ri lqyhvwphqw dqg dq hfrqrplf uhfhvvlrq1 Wkh iroorzlqj jxuh looxvwudwhv wkh
sursruwlrq ri qdqfhg surmhfwv dw gdwh w.4 iru glhuhqw fdslwdo ohyhov nw/ zkhq Vw @ O dqg Vw @ K=
616 Fdslwdo Dffxpxodwlrq G|qdplfv
61614 Wkhruhwlfdo H{suhvvlrq
Wkh txdqwlw| nw.4 ri wkh lqyhvwphqw jrrg surgxfhg dw wkh hqg ri shulrg w . 4 lv htxdo wr wkh
sursruwlrq ri xqghuwdnhq surmhfwv pxowlsolhg e| wkh uhwxuq Uw.4 ri rqh surmhfw1 Vlqfh Uw.4 lv
vwrfkdvwlf zh kdyh
Hw +nw.4, @ swHw +Uw.4, @ swH +U,
xvlqj htxdwlrqv +47, dqg +48, zh rewdlq
<
Hw +nw.4 q nw ? np, @ 
nw
n
H +U,
Hw +nw.4 q Vw @ O> np  nw ? n, @
z
z . gw
nw
n
H +U,
Hw +nw.4q Vw @ K> np  nw ? n, @
4
z . gw

z
nw
n
. sw4gw4

H +U,
zkhuh +gw, lv jlyhq e| +;,=
61615 Frpphqwv
41 Zkhq wkh jrrg vwdwh Vw @ K rffxuv/ shulrg w uhvhuyhv zloo vhuyh lq shulrg w . 4 zklfk
ghfuhdvhv wkh dprxqw ri uhvhuyhv wkdw wkh edqn fxwv iurp shulrg w . 43v ghsrvlw/ lqfuhdvlqj/
dw wkh vdph wlph/ wkh sursruwlrq ri qdqfhg surmhfwv dw shulrg w . 4= Wklv h{sodlqv zk| wkh
ohyho ri fdslwdo dffxpxodwlrq iru Vw @ K lv vxshulru wr wkdw iru Vw @ O=
51 Wkh ohyho ri fdslwdo dffxpxodwlrq lq shulrg w. 4 ghshqgv qrw rqo| rq wkh glhuhqw uhjlrqv ri
wkh wudqvlwlrq skdvh + ^3> np`/ ^np> nd` > ^nd> ne` > dqg ^ne> n` , exw dovr rq wkh vwdwh Vw uhdol}hg
dw shulrg w iru wkh uvw wzr uhjlrqv1 Lw lv fohdu wkdw wkh lqlwldo ohyho ri ghyhorsphqw n3 dqg wkh
klvwru| +V4> V5> ===> Vw, ri wkh yduldeoh V dhfw Hw +nw.4, vlqfh wkh| ghwhuplqh wkh uhjlrq wkh
fdslwdo vwrfn1
61 Qrwh wkdw wkh zlgwk ri wkh uhjlrqv ^np> nd`/ ^nd> ne` dqg ^ne> n` ghshqgv rq wkh ghjuhh ri fuhglw
pdunhw shuihfwlrq/ dv uhsuhvhqwhg e| = Zh zloo uhwxuq wr wklv hhfw lq vhfwlrq +61616,1
Wr hqvxuh wkdw dq hfrqrp| fdq pryh iurp wkh lqlwldo uhjlrq ^np> nd` +zkhuh wkh vroydelolw| frq0
vwudlqw grplqdwhv wkh surwdelolw| frqvwudlqw, wr uhjlrq ^nd> ne` +zkhuh surmhfw qdqfh lv frqglwlrqhg
e| lwv surwdelolw|, zh kdyh wr lpsrvh frqglwlrqv rq rxu sdudphwhuv1 Vxssrvh wkdw nw 5 ^np> nd`
dqg Vw @ O wkhq
nw.4 @
;A?
A=
+4, +U. ,
z .5
nw zlwk suredelolw| 
+4, +U ,
z .5
nw zlwk suredelolw| 4 
Wkhuhiruh/ wkh frqglwlrq lv
+4 , +U. ,
z . 5
A 4 +49,
Lq wkh rwkhu fdvh/ wkhuh zloo eh uhfhvvlrq hyhq li wkh jrrg uhwxuq vwdwh frphv derxw1 Lw lv hdv| wr
vkrz wkdw wkh wudqvlwlrq iurp uhjlrq ^nd> ne` wr ^ne> n` lv srvvleoh zkhq frqglwlrq +49, lv vdwlvhg1
61616 Wkh Hhfw ri Fuhglw Pdunhw Lpshuihfwlrq
Fuhglw pdunhw shuihfwlrq dhfwv wkh glhuhqw uhjlrqv ri wkh hfrqrp|*v ghyhorsphqw1 Lqghhg/ zh
kdyh
Cnp
C
? 3
43
zklfk phdqv wkdw wkh pruh shuihfw wkh fhglw pdunhw lv wkh hduolhu edqnv zloo hphujh
C+nd  np,
C
? 3
phdqlqj wkdw wkh uhjlrq zkhuh wkh vroydelow| frqvwudlqw grplqdwhv wkh surwdelolw| rqh lv qduurzhg
zkhq fuhglw pdunhw shuihfwlrq lqfuhdvhv1 Phdqzkloh/ wkh uhjlrq ^ne> nd` zkhuh wkh surwdelolw|
frqvwudlqw grplqdwhv wkh vroyhqf| frqvwudlqw lv hqodujhg1 Lqghhg/ zh kdyh
C+ne  nd,
C
A 3
Lq dgglwlrq/ zh kdyh
C+n  ne,
C
A 3
Wkhuhiruh/ wkh pruh shuihfw lv wkh fuhglw pdunhw wkh idvwhu wkh hfrqrp| qlvkhv wkh wudqvlwlrq
skdvh dqg sdvvhv wr wkh vhfrqg skdvh ri ghyhorsphqw1 Lq idfw/ lq uhjlrq ^np> ne`/ dq dpholrudwlrq
ri fuhglw pdunhw shuihfwlrq uhgxfhv wkh qhfhvvdu| dprxqw ri edqn uhvhuyhv/ zklfk lqfuhdvhv wkh
sursruwlrq ri uhdol}hg surmhfwv1
Iljxuhv +8, dqg +9, looxvwudwh wkh deryh uhpdunv1 Wkh| vkrzv wkh glhuhqw uhjlrqv/ edqn uhvhuyhv
shu surmhfw dqg wkh lqwhuhvw udwh iru wkh ydoxhv ri  ri 3=7 dqg 3=<=
Iljxuh +:, vkrzv krz dq lpsuryhphqw lq fuhglw pdunhw shuihfwlrq dhfwv wkh glhuhqw uhjlrqv ri
ghyhorsphqw dqg wkh ohyho ri fdslwdo dffxpxodwlrq1 Qrwh wkdw wkh uhjlrq ri kljk ghyhorsphqw lv qrw
dhfwhg e| fuhglw pdunhw shuihfwlrq1 Khqfh/ wkh odwwhu dhfwv wkh sdwk rqo| wkurxjk wkh lqwhuphgldu|
vwdjhv ri ghyhorsphqw1
61617 Qxphulfdo Vlpxodwlrq
d, Sdudphwhul}dwlrq Wkh sdudphwhuv z> n3> U> >> > dqg  vkrxog vdwlvi| wkh iroorzlqj
frqglwlrqv suhvhqwhg deryh ;AAAAAAA?
AAAAAA=
+U. ,
z
A 4
+U ,
z
? 4
+U. +5  4,,
z
A 4
+4 ,+U. ,
z .5
A 4
3 ? n3 ?
z
4 
+4:,
Wkh iroorzlqj ydoxhv vdwlvi| wkhvh frqglwlrqv exw duh qrw xqltxh
 z   U   n3
3=6: 4 ^3=<> 4` 4 5 ^3> 4` ^3> 4` `3> 4=8;`
e, Wkh Fdslwdo Dffxpxodwlrq Sdwk
Wkh ixqfwlrq Hw +nw.4q Vw @ O, @ i+nw, lv looxvwudwhg lq jxuh +:, zklfk vkrzv wkdw lq uhjlrq
^ne> n` wkh hfrqrp| dfklhyhv wkh pd{lpxp jurzwk udwh1 Uhphpehu wkdw lq wklv uhjlrq edqn uhvhuyhv
duh vhw wr }hur ehfdxvh hqwuhsuhqhxuv grq*w ghidxow rq ordqv1 Wklv ohdgv wr dq lqfuhdvlqj sursruwlrq
44
ri qdqfhg surmhfwv dv vkrzq lq jxuh +7,1 Wkh g|qdplf ri fdslwdo dffxpxodwlrq ghshqgv rq wkh
klvwru| ri +V, dqg fdq wkhuhiruh dowhuqdwh ehwzhhq wkh glhuhqw ohyhov wkdw dsshdu lq jxuh +:,1 Wr
vkrz wklv zh frqvlghu lq wkh iroorzlqj sdudjudsk wzr vfhqdulrv1
Dq H{dpsoh ri wzr Vfhqdulrv
Dvvxph wkdw wkh lqlwldo fdslwdo ohyho ri wkh hfrqrp| lv n3 5 ^np> nd` dqg frqvlghu wkh hfrqrp|*v
g|qdplfv xqghu wkh iroorzlqj wzr vfhqdulrv V4 dqg V5 zkhuh Vl @ +Vl+w,,w5^4>W ` dqg
V4+w, @ K iru w 5 ^4> W `
V5+w, @

O iru w 5 i8>9j
K iru w 5 ^4> W ` q i8> 9j
Dv jxuh +;, vkrzv/ iru wkh wzr vfhqdulrv/ gxulqj wkh uvw yh shulrgv wkh fdslwdo ohyho lv lqfuhdv0
lqj/ sdvvlqj iurp uhjlrq ^np> nd` wr uhjlrq ^ne> n`1 Iru wkh vfhqdulr +V4,> wkh fdslwdo ohyho frqwlqxhv
lqfuhdvlqj dqg uhdfkhv wkh vhfrqg skdvh ri hfrqrplf ghyhorsphqw l1h1 wkh uhjlrq ^n>5n^ dw wkh
hqg ri wkh iwk shulrg1 Zkhuhdv/ iru wkh vhfrqg vfhqdulr +V5,> wkh uhdol}dwlrq ri orz uhwxuqv gxulqj
wkh iwk dqg vl{wk shulrgv ghod|v wkh hfrqrp| uhdfklqj wkh vhfrqg skdvh ri ghyhorsphqw11
7 Wkh Hfrqrplf Wudqvlwlrq Surfhvv lq Fdvh ri Lqh!flhqw
Edqnv
714 Wkh Lqh!flhqw Edqn
Dq lqh!flhqw edqn lv xqdeoh wr ghwhuplqh wkh ulvn ri wkh lqyhvwphqw jrrg surgxfwlrq surmhfwv
ehfdxvh ri lqirupdwlrq dv|pphwu| ehwzhhq wkh hqwuhsuhqhxuv dqg wkh edqn1 Wkh edqn eholhyhv wkdw
z lqglylvleoh xqlwv ri d qdo jrrg lqyhvwhg dw w |lhogv aUw.4 xqlwv ri lqyhvwphqw jrrg dw w.4/ zkhuh
aUw.4 @

U. a zlwk suredelolw| 
U a zlwk suredelolw| 4 
dqg a ? = Wkxv zh kdyh
Y du+ aUw.4 , ? Y du+Uw.4 ,
zklfk phdqv wkdw wkh edqn xqghuhvwlpdwhv wkh ulvn ri wkh lqyhvwphqw jrrg whfkqrorj|1 Qrwh
wkdw ; w
Hw

aUw.4

@_H+U, @ U. +5  4,a ? H+U,
71414 Wkh Lqwhuhvw udwh
Wkh qhz lqwhuhvw udwh {hg lq htxloleulxp lv jlyhq e| uhsodflqj Uw.4 zlwk aUw.4 lq htxdwlrq +:,
auw.4 @
;A?
AA=
_H+U,
z  +4 ,nw
li nw  nd
_H+U,
z
li nd ? nw  n
+4;,
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71415 Edqn Uhvhuyhv Shu Surmhfw
Iurp htxdwlrq +4;, zh fdq vkrz/ dv lq vhfwlrq rqh/ wkdw wkh edqn dqwlflsdwhv wkh ghidxow ri wkh
hqwuhsuhqhxuv/ dw wkh hqg ri shulrg w. 4> li Vw.4 @ O dqg nw  ane zkhuh
ane @ nd .
z5 a
+4 ,+U. a +5  4,,
? ne +4<,
Lq wklv fdvh/ wkh dqwlflsdwhg dprxqw ri ghidxow rq hdfk ordq agw lv rewdlqhg e| uhsodflqj  e| a/
ne e| ane dqg np e| anp lq htxdwlrq +;,1 Lw lv hdv| wr vkrz wkdw
agw ? gw ; w
Wklv uhvxow lv rewdlqhg ehfdxvh wkh edqn xqghuhvwlpdwhv wkh ulvn ri wkh lqyhvwphqw jrrg whfkqrorj|1
Dv jxuh +<, vkrzv/ wkh dprxqw ri uhvhuyhv shu surmhfw wkdw lw dfwxdoo| krogv/ agw > lv ohvv wkdq uhtxluhg
ohyho/ gw iru dq| vwdjh ri wkh hfrqrp|*v ghyhorsphqw1 Qrwh dovr/ wkdw lqirupdwlrq dv|pphwu|
wljkwhqv wkh }rqh ri srvvleoh ghidxow vlqfh +
anp A np
ane ? ne
Khqfh/ lqirupdwlrq dv|pphwu| lv ehqhfldo wr wkh hqwuhsuhqhxuv zkhq wkh fdslwdo ohyho nw> lv lq
wkh uhjlrq
k
ane> ne
l
1 Dv jxuh +43, vkrzv/ wkh sursruwlrq ri qdqfhg surmhfw lqfuhdvhv1 Krzhyhu/
zkhq wkh fdslwdo ohyho lv lq wkh uhjlrq
k
np> anp
l
> wkh lqirupdwlrq dv|pphwu| shqdol}hv hqwuhsuhqhxuv
vlqfh wkh edqn uhixvhv wr qdqfh wkhlu surmhfwv/ ihdulqj lqvx!flhqw uhwxuqv +_H+U, ? H+U,,
715 Wkh Sursruwlrq ri Hqwuhsuhqhxuv
Wkh sursruwlrq asw ri qdqfhg surmhfwv/ dw wkh ehjlqqlqj ri shulrg w . 4/ lv rewdlqhg e| vlplodu
uhdvrqlqj wr wkdw ri wkh suhylrxv vhfwlrq/ dqg lv rewdlqhg e| uhsodflqj agw e| gw dqg agw4 e| gw4
lq htxdwlrq +47,1 Iljxuh +43, looxvwudwhv wkh sursruwlrq ri qdqfhg surmhwv lq wkh fdvh ri h!flhqw
dqg lqh!flhqw edqnv1
716 Edqnlqj Frqghqfh Fulvhv
71614 Wkh Ruljlq
Iurp htxdwlrq +<, edqn uhvhuyhv duh
aEw @ asw agw
Wkh qhfhvvdu| edqn uhvhuyhv duh rewdlqhg e| pxowlso|lqj wkh sursruwlrq ri qdqfhg surmhfwv
asw e| wkh uhdo srvvleoh ghidxow shu surmhfw gw
Ew @ asw gw A aEw
Wklv phdqv wkdw lq wkh fdvh ri hqwuhsuhqhxu ghidxow wkh edqn lv xqzloolqj wr uhsd| wkhlu ghsrvlwruv
wkh lqwhuhvw lw surplvhg wkhp1 Lw fdq uhsd| wkh pd{lpxp ohyho ri
aEw . asw +U , ? Ew . asw +U , @ uw.4+4 asw,zw +53,
46
Zh fdq ghqh wkh h{0srvw udwh ri uhwxuq ri ghsrvlw auw.4 dv iroorzv
auw.4 @
aEw . asw +U ,
+4 asw,zw
+54,
Iurp +53, zh kdyh auw.4 ? uw.4= Exw zh dvvxph wkdw wkh frqghqfh fulvlv rffxuv rqo| li auw.4 ? 4
l1h1 zkhq wkh edqn sd|v wkh ghsrvlwruv ri jhqhudwlrq +w  4, d txdqwlw| ri qdo jrrgv lqihulru wr
wkhlu lqlwldo ghsrvlw1 Lq wklv fdvh/ wkh srwhqwldo ghsrvlwruv ri jhqhudwlrq +w, kdyh qr frqghqfh lq wkh
edqn pdqdjhphqw dqg ghflgh wr krog wkh zdjhv wkh| hduq dw w . 4 rxwvlgh ri wkh edqnlqj v|vwhp1
Zh dvvxph wkdw wklv orvv ri frqghqfh odvwv iru rqh jhqhudwlrq diwhu wkh ghidxow hyhqw1 Wklv phdqv
wkdw jhqhudwlrq +w . 5, ghsrvlwruv sxw wkhlu zdjhv lq wkh edqn li wkhuh lv qr ixuwkhu fulvlv1 Wklv lv
jxdudqwhhg li zh dvvxph wkdw wkh edqn lv uhvwuxfwxuhg diwhu wkh frqghqfh fulvlv vr wkdw lw nqrzv
h{dfwo| wkh ulvn ri wkh lqyhvwphqw whfkqrorj| l1h1 a @ =
Sursrvlwlrq 6 Xqghu frqglwlrqv +4:,
41 li Vw @ O dqg Vw.4 @ O wkh frqghqfh fulvhv rffxu dw gdwh w . 4 li dqg rqo| li nw ? nf
zkhuh nf @ n 
z+U ,
4
A nd
51 li Vw @ K dqg Vw.4 @ O> xqghu fhuwdlq frqglwlrqv wkhuh h{lvw nx> ny> ns> nt> nu dqg nv vxfk
wkdw wkh frqghqfh fulvhv rffxuv lq uhjlrqv
k
anp> nd
l
_ `nx> ny^ >
k
nd>plq+ane> nf,
l
_ `ns> nt ^ dqgk
ane>pd{+ane> nf,
l
_ `nu > nv^ =
61 Wkh frqghqfh fulvhv gr qrw rffxu iru nw  nf iru Vw @ K>O
Surri1 Vhh dsshqgl{ LLL1
71615 Wkh Hfrqrplf Frqvhtxhqfhv
Dv d frqvhtxhqfh ri wkh frqghqfh fulvlv/ wkh edqn grhv qrw sod| dq| hfrqrplf uroh gxulqj shulrg
w . 4= Wkh sursruwlrq sw.4 ri jhqhudwlrq +w, srwhqwldo hqwuhsuhqhxuv kdyh qr dffhvv wr ordqv dqg
duh/ wkhuhiruh/ xqdeoh wr uhdol}h wkhlu surmhfwv1 Khqfh/ wkh| ghflgh wr frrshudwh e| sxwwlqj wkhlu
fdslwdo lq frpprq dqg vljqlqj vkduh frqwudfwv lpso|lqj wkdw vrph hqwuhsuhqhxuv jlyh wkhlu fdslwdo
wr rwkhuv1 Dw wkh hqg ri wkh shulrg wkh surmhfw uhwxuq lv glylghg sursruwlrqdoo| wr wkh dprxqw ri
fdslwdo lqyhvwhg1 Ohw sfw.4 ghqrwh wkh qhz sursruwlrq ri hqwuhsuhqhxuv1 Wkh iroorzlqj htxdwlrq
ghwhuplqhv sfw.4 =
] sfw.4
3
+ z zw.4,gq @
] sw.4
3
zw.4gq
] sfw.4
3
zw.4gq
zklfk phdqv wkdw wkh dprxqw ri ordqv qhhghg e| wkh sursruwlrq sfw.4 ri hqwuhsuhqhxuv lv htxdo
wr wkh vkduhkroghuv wrwdo fdslwdo1 Zh rewdlq
sfw.4 @
zw.4
z3
sw.4 +55,
Lw lv fohdu wkdw wkh qxpehu ri uhdol}hg surmhfw ghfuhdvhv vkduso| lq frpsdulvrq wr sw.4 +zw.4 ?
4,= Xvlqj htxdwlrq +47 , zh rewdlq vlqfh Vw.4 @ O dqg nw.4 ? n
47
sfw.4 @
+4,5
z . gw.4
n5w.4
z
zkhuh gw.4 lv jlyhq e| htxdwlrq +;,1 Wkh dyhudjh ri wkh fdslwdo dffxpxodwlrq ohyho iru shulrg
w .5 vdwlvhv
Hw.4+n
f
w.5, @ s
f
w.4H +U, ? sw.4H +U, @ Hw.4+nw.5, +56,
Zh frqfoxgh wkdw dq lqh!flhqw edqnlqj v|vwhp +rqh wkdw xqghuhvwlpdwhv wkh ulvn ri wkh lqyhvw0
phqw jrrg whfkqrorj|, fdq jhqhudwh d fulvlv ri frqghqfh dprqj ghsrvlwruv zklfk lq wxuq ohdgv wr
d ghfolqh lq hfrqrplf dfwlylw|1
717 Wkh ohyho ri Ghyhorsphqw dqg Frqghqfh Fulvhv
Wkh hhfw rq wkh wudqvlwlrq surfhvv +wkh orqj whup hhfw, lv pruh vhyhuh zkhq wkh fulvlv rffxuv dw
wkh ehjlqqlqj ri wudqvlwlrq1 Lqghhg/ wklv fdq eh vkrzq e| dqdo|}lqj wkh udwlr ri wkh dyhudjh ri wkh
fdslwdo dffxpxodwlrq ohyho diwhu wkh fulvhv wr wkdw zlwkrxw fulvlv 1 Iurp +55, dqg +56,zh kdyh
Hw.4+n
f
w.5,
Hw.4+nw.5,
@
sfw.4
sw.4
@
+4 ,nw.4
z
zkhuh nw.4 @ sw+U ,
Wkhuhiruh/ wkh pruh ghyhorshg d frxqwu| lv wkh ohvv dhfwhg lw lv lq wkh fdvh ri d frqghqfh fulvlv1
Zkhq lwv ohyho ri fdslwdo dffxpxodwlrq ehfrphv vxshulru wr nf lw lv frpsohwho| lppxql}hg djdlqvw d
frqghqfh fulvlv/ zklfk fdq qrw rffxu +vhh sursrvlwlrq+7,,
Wklv lv vkrzq/ iru  @ 3=:8/ lq jxuh +46, zkhuh wkh vwdwh ri orz uhwxuq +V @ O, rffxuv
uhvshfwlyho| dw gdwhv w @ 6>7/ 8 dqg 9=
718 Fuhglw Pdunhw Shuihfwlrq dqg Fulvlv Dpsolwxgh
Ohw xv dvvxph wkdw wkh wudqvlwlrq surfhvv ehjlqv zlwk dq lqlwldo ohyho ri fdslwdo htxdo wr n3= Dvvxph
dovr wkdw gxulqj wkh W uvw shulrgv wkh uhwxuq ri wkh lqyhvwphqw jrrg whfkqrorj| lv kljk +V4 @
V5 @ === @ VW @ K, dqg wkdw wkh uvw orz uhwxuq rffxuv dw shulrg W . 4 +VW.4 @ O,1 Iurp rxu
suhylrxv dqdo|vlv/ zh nqrz wkdw wkh pruh shuihfw lv wkh fuhglw pdunhw/ wkh kljkhu lv wkh ohyho ri wkh
fdslwdo dw wkh hqg ri shulrg W +ehfdxvh wkh sursruwlrq ri qdqfhg surmhfwv lv kljkhu dw hdfk shulrg,1
Wkhuhiruh/ zkhq wkh orz uhwxuq rffxuv/ wkh hfrqrp| zlwk wkh pruh shuihfw fuhglw pdunhw
zloo eh wkh vwurqjhvw/ dqg wkh gdpdjh iurp d frqghqfh fulvlv/ li lw rffxuv/ zloo eh wkh
orzhvw1 Zkhq fuhglw pdunhw shuihfwlrq lv vx!flhqwo| kljk wkhuh zloo eh qr frqghqfh
fulvlv lq wkh edqnlqj v|vwhp ehfdxvh wkh ohyho ri fdslwdo dffxpxodwlrq lv kljkhu wkdq wkh wkuhvkrog
nf1
Zh qrwh wkdw wkh uhjlrq ri yxoqhudelolw| wr frqghqfh fulvhv vkulqnv dw wkh ohyho ri
wkh fuhglw pdunhw shuihfwlrq lqfuhdvhv1 Lq idfw/ dv sursrvlwlrq +7, vxjjhvwv/ wkhvh uhjlrqv duhk
anp> nd
l
_ `nx> ny^ >
k
nd>plq+ane> nf,
l
_ `ns> nt^ dqg
k
ane>pd{+ane> nf,
l
_ `nu > nv^ = Lq dsshqgl{ LY/ zh
vkrz wkdw
Cnl
C
A 3 dqg
Cnm
C
? 3 iru+l> m, @ +x> y,> +s> t, dqg +u> v,
Iljxuh +47, looxvwudwhv wkh deryh frpphqwv iru W @ 7 dqg  5 i3=:8>3=;3> 3=;8j =
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8 Frqfoxvlrq
Wklv sdshu hpskdvlvhv wkdw wkh shuihfwlrq ri wkh qdqfldo v|vwhp/ ghqhg dv wkh h!flhqf| ri edqnv
dqg wkh shuihfwlrq ri wkh fuhglw pdunhw/ sod|v dq lpsruwdqw uroh lq wkh hfrqrplf wudqvlwlrq surfhvv1
Zh sursrvh d prgho zkhuh wkh lqwhuhvw udwh lv wkh frqwuro yduldeoh ri wkh edqn1 Wkh lqwhuhvw udwh
lv vhw lq rughu wr hqvxuh wkdw/ rq wkh rqh kdqg/ wkh qdqfhg surmhfwv duh surwdeoh dqg vroyhqw dqg/
rq wkh rwkhu kdqg/ wkdw ghsrvlwruv duh uhpxqhudwhg e| vwulfwo| srvlwlyh ghsrvlw udwh1
Zh vkrzhg wkdw wkh hfrqrplf uroh ri wkh edqn ehjlqv diwhu wkh uhdfklqj ri d fhuwdlq hfrqrplf
ghyhorsphqw ohyho1 Dw wkh ehjlqqlqj ri wkh wudqvlwlrq surfhvv/ surwdeoh surmhfwv duh qrw qhfhvvdulo|
vroyhqw ehfdxvh wkh hqwuhsuhqhxuv* fdslwdo frqwulexwlrq lv orz frpsduhg wr wkh dprxqw ri ordqv1 Wkh
edqn surwhfwv lwvhoi djdlqvw d olnho| ghidxow ri sd|phqw/ lq fdvh ri srru shuirupdqfh e| surmhfwv/ e|
wkh frqvwlwxwlrq ri uhvhuyhv1
Dv wkh wudqvlwlrq surfhvv surjuhvvhv/ wkh dprxqw ri wkh olnho| ghidxow ri sd|phqw ghfuhdvhv1
Zkhq wkh hfrqrp| uhdfkhv d ghwhuplqhg ohyho ri fdslwdo dffxpxodwlrq hqwuhsuhqhxuv gr qrw ghidxow
rq ordqv1 Frqvhtxhqwo|/ edqnv* uhvhuyhv ghfuhdvh dqg wkh sursruwlrq ri qdqfhg surmhfwv lqfuhdvhv1
Zkhq fdslwdo dffxpxodwlrq ehfrphv vx!flhqwo| kljk/ wkh hqwuhsuhqhxuv vhoi0qdqfh wkhlu surmhfwv1
Zh vkrzhg wkdw wkh uduh/ duh wkh srru shuirupdqfhv rq wkh lqyhvwphqw jrrg vhfwru/ wkh idvwhu
lv wkh wudqvlwlrq surfhvv1 Zkhq edqnv duh h!flhqw/ srru shuirupdqfh ri qdqfhg surmhfwv suryrnhv
d vkruw0whup uhfhvvlrq1 Wkh frqvhtxhqfhv ri srru shuirupdqfh duh pruh vhulrxv zkhq edqnv duh
lqh!flhqw1 Lqghhg/ lq wklv fdvh edqnv xqghuhvwlpdwh wkh ulvn ri surmhfwv wkdw wkh| qdqfh dqg wkh
uhvhuyhv wkdw wkh| frqvwlwxwh duh lqvx!flhqw wr idfh srvvleoh ghidxow ri sd|phqw1 Lq fhuwdlq fdvhv/
edqnv zloo eh lqfdsdeoh ri krqrulqj wkh frqwudfwv vljqhg zlwk wkhlu ghsrvlwruv/ zklfk suryrnhv d
fulvlv ri frqghqfh lq wkh edqnlqj v|vwhp dqg d  ljkw ri vdylqj1 Wklv djjudydwhv wkh uhfhvvlrq dqg
kdv orqj0whup hhfwv rq wkh wudqvlwlrq surfhvv1
Wkh qhjdwlyh hhfwv ri d frqghqfh fulvlv duh pruh lpsruwdqw zkhq lw wdnhv sodfh dw wkh ehjlqqlqj
ri wkh wudqvlwlrq surfhvv1 Zh vkrzhg wkdw wkh pruh shuihfw wkh fuhglw pdunhw lv/ wkh ohvvhu wkh
diwhupdwk zloo eh rq wkh wudqvlwlrq surfhvv1 Wklv lv wuxh hyhq li edqnv duh lqh!flhqw1 Ehvlghv/ zh
vkrzhg wkdw wkh uhjlrq ri yxoqhudelolw| wr frqghqfh fulvhv vkulqnv dv wkh ohyho ri wkh fuhglw pdunhw
shuihfwlrq lqfuhdvhv1 Iru d vx!flhqwo| kljk ghjuhh ri fuhglw pdunhw shuihfwlrq/ frqghqfh fulvhv gr
qrw rffxu1
Dq h{whqvlrq ri wklv zrun lv wr vwxg| wkh uroh ri wkh edqnlqj v|vwhp lq wkh wudqvlwlrq surfhvv ri
d vpdoo rshq hfrqrp|1
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Uhihuhqfhv
41 Djklrq/ S1 dqg S1 Erowrq +4<<:,/ D Wkhru| ri Wulfnoh0Grzq Jurzwk dqg Ghyhorsphqw/
Uhylhz ri Hfrqrplf Vwxglhv/ 97/ +4<<:,/ 48404:51
51 Ehuqdqnh/ E1 dqg P1 Jhuwohu +4<;<, Djhqf| Frvw/ Qhz Zruwk dqg Exvlqhvv Ioxfwxdwlrqv/
Dphulfdq Hfrqrplf Uhylhz/ :< +4<;<,/ 470641
61 Ehuqdqnh/ E1 dqg P1 Jhuwohu +4<<3, Ilqdqfldo Iudjlolw| dqg Hfrqrplf Shuirupdqfh/ Wkh
Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 438 +4<<3,/ ;:04471
71 Frrshu/ U1 dqg Fruedh G1 +5333, Ilqdqfldo Iudjlolw| dqg Dfwlyh Prqhwdu| Srolf|= D Ohvvrq
iurp wkh Juhdw Ghsuhvvlrq/ Plphr/ Xqlyhuvlw| ri Slwwvexujk1
81 Jrogvplwk/ U1U1 +4<9<,/ Ilqdqfldo Vwuxfwxuh dqg Ghyhorsphqw/ \doh Xqlyhuvlw| Suhvv/ Qhz
Kdyhq1
91 Juhhqzrrg/ M1 dqg E1 Mrydqrylf +4<<3, Ilqdqfldo Ghyhorsphqw/ Jurzwk dqg wkh Glvwulexwlrq
ri Lqfrph/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <; +4<<3,/ 43:90443:1
:1 Jxloodug/ P1 dqg W1 Udmkl/ Xqh Qrwh vxu ohv Olhqv hqwuh Furlvvdqfh hw wdx{ g*Lqwìuíw/ Uhyxh
Hfrqrpltxh/ 77 +4<<6,/ 55<05881
;1 Jxuho|/ M1 dqg H1 Vkdz +4<93,/ 1Prqh| lq Wkhru| dqg Ilqdqfh/ Wkh Eurrnlqj Lqvwlwxwh/
Zdvklqjwrq1
<1 PfNlqqrq/ U1L1 +4<:6, Prqh| dqg Fdslwdo lq Hfrqrplf Ghyhorsphqw/ Wkh Eurrnlqj Lqvwl0
wxwh/ Zdvklqjwrq1
431 Pdqnlz/ J1 +4<;9,/ Wkh Doorfdwlrq ri Fuhglw dqg Ilqdqfldo Froodsvh/ Wkh Txduwhuo| Mrxuqdo
ri Hfrqrplfv/ 434 +4<;9,/ 78807::1
441 Pdwvx|dpd/ N1 +5333, Hqgrjhqrxv Lqhtxdolw|/ Uhylhz ri Hfrqrplf Vwxglhv/ 9:/ Rfwrehu
5333/ :760:8<1
451 Pdwvx|dpd/ N1 +5334, Ilqdqfldo Pdunhw Joredol}dwlrq dqg Hqgrjhqrxv Lqhtxdolw| ri Qd0
wlrqv/ Plphr/ HQV0Ghowd Vhplqdu1
461 Zdfkwho/ S1 dqg M1 Erqlq +4<<<, Ilqdqfldo Vhfwru Ghyhorsphqw lq Wudqvlwlrq Hfrqrplhv/
Plphr/ Qhz \run Xqlyhuvlw|1
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 Ohw nw  nd/ dvvxph wkdw +6, lv vdwlvhg dqg ohw xv vkrz wkdw +5, lv vdwlvhg1
Vlqfh +6, lv vdwlvhg zh kdyh
uw.4 + z zw,

 H+U, +57,
exw
nw  nd @ z
4 
4
+4 ,nw  z  z
zw  z   z
z zw

 z
Wkxv/ zlwk +57, zh rewdlq
uw.4 
H+U,
z
zklfk lv frqglwlrq +5,1
 Ohw nw A nd/ dvvxph wkdw +5, lv vdwlvhg dqg ohw xv vkrz wkdw +6, lv vdwlvhg1
Xvlqj +5, zh rewdlq
uw.4 + z zw, 
H+U,
z
+ z zw, +58,
exw nw A nd jlyhv
z zw
z
?  vr wkdw zh rewdlq xvlqj +58,
uw.4 + z zw,  H+U,
zklfk lv frqglwlrq +6,1
Dsshqgl{ LL
Dw wkh hqg ri shulrg W . 4> wkh hqwuhsuhqhxu ghidxowv li wkh lqwhuhvw sd|phqwv uw.4 +4zw, duh
vxshulru wr wkh frvw ri ghidxow Uw.4= Xvlqj htxdwlrq +:, zh rewdlq
uw.4 + z zw, Uw.4 @
;?
=
 ^H+U, Uw.4` li np  nw  nd


H+U,+
z zw
z
,  Uw.4

li nw A nd
+59,
4;
 Li Vw.4 @ O
Zh kdyh Uw.4 @ U  ? H+U,
0 Iru nw 5 ^ np> nd` =
uw.4 + z zw,  Uw.4 @  ^H+U, +U ,` A 3
0 Iru nd ? nw  ne @ nd .
z5
+4,H+U,
> rq wkh rqh kdqg/ zh kdyh
+4 ,nw  z+4 , .
z5
+4,H+U,
zw  z+4 , .
z5
H+U,
z zw   z 
z5
H+U,
z zw
z
 

U 
H+U,

+5:,
rq wkh rwkhu kdqg/
uw.4 + z zw,  Uw.4 @ 

H+U,
z
+ z zw,  +U ,

xvlqj +5:, zh rewdlq
uw.4 + z zw,  Uw.4  3
0 Iru nw A ne
z zw
z
? 

U 
H+U,

dqg
uw.4 + z zw,  Uw.4 @ 

H+U,
z
+ z zw,  +U ,

? 3
Wkhuhiruh/ iru Vw.4 @ O/ wkh lqwhuhvw sd|phqwv duh vxshulru wr wkh ghidxow frvw lq wkh uhjlrq
^np> ne` zklfk phdqv wkdw wkh hqwuhsuhqhxuv kdyh dq lqfhqwlyh wr ghidxow rq wkh ordqv1
 Li Vw.4 @ K
Zh kdyh Uw.4 @ U.  A H+U,= Wkxv/ uw.4 + z zw,  Uw.4 ? 3 iru nw 5 ^ np> nd` =
iru nw A nd @ z
4 
4
uw.4 + z zw,  Uw.4 @ 

H+U,
z
+ z zw,  +U. ,

? +U . ,

z zw
z
 

4<
exw zh dovr kdyh
+4,nw A z+4 ,
z zw ? z
Wkhuhiruh/
uw.4 + z zw,  Uw.4 ? 3
Lq wklv fdvh/ zkdwhyhu wkh ohyho ri fdslwdo dffxpxodwlrq/ wkh lqwhuhvw sd|phqwv duh lqihulru wr wkh
ghidxow frvw/ vr wkdw wkh hqwuhsuhqhxuv gr qrw ghidxow rq ordqv1
Dsshqgl{ LLL
Wr vlpsoli| wkh fdofxodwurxv zh suhvhqw wkh surri iru z @ 4=
Wkh frqghqfh fulvlv rffxuv li dqg rqo| li +54, lv vdwlvhg1 Exw
aEw . asw +U , ? +4 asw,zw
+,
asw
k
agw . +U ,
l
? +4 asw,zw +5;,
 Iru Vw @ O
Zh kdyh
asw @
4
4 . agw
zw
4
vr wkdw +5;, lv htxlydohqw wr
zw @ +4,nw ? 4 +U ,
ru htxlydohqwo|
nw ? nf @
4
4

+U ,
4 
Khqfh/ wkh frqghqfh fulvlv rffxuv li dqg rqo| nw ? nf1
Qrwh wkdw nf @ nd .

4 
+4  +U  ,, A nd= Dovr/ zh kdyh nf ? ane li dqg rqo| li a A
U+4 +U  ,,
4 +5  4,+U ,
= Wkhvh fdq hdvlo| eh vkrzhg e| uhsodflqj nf> nd dqg ane e| wkhlu uhvshfwlyh
h{suhvvlrqv1
 Iru Vw @ K
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 Iurp wkh suhylrxv fdofxoxv +fdvh Vw @ O, zh kdyh%
agw .zw . +U ,
4 . agw
&
A 4 li nw A nf
Khqfh/ li nw A nf zh dovr kdyh#
4 .
asw4 agw4
zw
$ %
agw .zw . +U ,
4 . agw
&
A 4
Wklv phdqv wkdw iru Vw @ K dqg nw A nf wkhuh lv qr frqghqfh fulvlv1
  Iru Vw @K> zh kdyh
asw @
4
4 . agw
+zw . asw4 agw4,
Htxdwlrq +5;, lv htxlydohqw wr#
4 .
asw4 agw4
zw
$ %
agw .zw . +U ,
4 . agw
&
? 4
zklfk fdq eh wudqviruphg htxlydohqwo| wr wkh iroorzlqj vhfrqg ghjuhh lqhtxdolw|=
+zw,
5 . +asw4 agw4 . +U , 4,zw . asw4 agw4+ agw . +U ,, ? 3 +5<,
  Lq uhjlrq
k
anp> nd
l
Zh kdyh agw @ 5a> vr wkdw +5<, ehfrphv
S +zw, ? 3 zkhuh
S +zw, @ +zw,
5 . +asw4 agw4 . +U ,  4,zw . asw4 agw4+5a . +U ,,
Exw S +zw, @ 3 kdv wzr srvlwlyh vroxwlrqv zx>zy li dqg rqo| li
S @

asw4 agw4
5
 5++U ,  4 . 5a,+asw4 agw4, . ++U ,  4,
5
 3
dqg asw4 agw4  4 +U , +63,
lq zklfk fdvh/ zh kdyh S +zw, ? 3 iru zw 5 `zx> zy^ ru htxlydohqwo| nw 5 `nx> ny^ zkhuh
nx @
zx
4 
dqg ny @
zy
4 
Wkhuhiruh/ iru fhuwdlq ydoxhv ri asw4 agw4 +vdwlvi|lqj frqglwlrqv +63,,
wkh frqghqfh fulvlv rffxuv lq
k
anp> nd
l
_ ^nx> ny`
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  Lq uhjlrq
k
nd>plq+ane> nf,
l
Zh kdyh agw @ H+U,+4zw, +U ,> vr wkdw +5<, ehfrphv
T+zw, ? 3 zkhuh
T+zw, @ +zw,
5 .
5
7asw4 agw4+4H+U, ~} 
? 3
, . +U , 4 ~} 
? 3
6
8zw . asw4 agw4+H+U,,
Exw T+zw, @ 3 kdv wzr srvlwlyh vroxwlrqv zs>zt li dqg rqo| li
T @

asw4 agw4
5
 5++U , 4 . 5a,+asw4 agw4, . ++U ,  4,
5
 3 +64,
lq zklfk fdvh/ zh kdyhT+zw, ? 3 iru zw 5 `zs>zt^ ru htxlydohqwo| nw 5 `ns> nt^zkhuh ns @
zs
4 
dqg nt @
zt
4 
Wkhuhiruh/ iru fhuwdlq ydoxhv ri asw4 agw4+vdwlvi|lqj frqglwlrqv +64,,
wkh frqghqfh fulvlv rffxuv lq
k
nd>plq+ane> nf,
l
_ ^ns> nt `
  Lq uhjlrq
k
ane>pd{+ane> nf,
l
Zh kdyh agw @ 3> vr wkdw +5<, ehfrphv
U+zw, ? 3 zkhuh
U+zw, @ +zw,
5 . +asw4 agw4 . +U , 4,zw . asw4 agw4++U ,,
Exw U+zw, @ 3 kdv wzr srvlwlyh vroxwlrqv zu dqg zv li dqg rqo| li
U @

asw4 agw4
5
 5++U , . 4,+asw4 agw4, . ++U , 4,
5
 3
dqg asw4 agw4  4 +U , +65,
lq zklfk fdvh/ zh kdyh U+zw, ? 3 iru zw 5 `zu >zv^ ru htxlydohqwo| nw 5 `nu > nv^ zkhuh nu @
zu
4 
dqg nt @
zv
4 
Wkhuhiruh/ iru fhuwdlq ydoxhv ri asw4 agw4+vdwlvi|lqj frqglwlrqv +65,,
wkh frqghqfh fulvlv rffxuv lq
k
ane>pd{+ane> nf,
l
_ ^nu> nv`
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Dsshqgl{ LY
Ohw xv vkrz wkdw
Cnl
C
A 3 dqg
Cnm
C
? 3 iru +l> m, @ +x> y,> +s> t, dqg +u> v,
Iurp Dsshqgl{ LLL/ zh kdyh;AAAA?
AAAA=
+4, +nx . ny, @ 4 asw4 agw4  +U ,
+4 ,
5
nxny @ asw4 agw4+5a . +U ,,
+4 , +ns . nt, @ 4 +U , asw4 agw4+4H+U,
+4 ,
5
nsnt @ asw4 agw4+H+U,,
+4 , +nu . nv, @ 4 asw4 agw4  +U ,
+4 ,
5
nunv @ asw4 agw4++U ,,
Wkhuhiruh/ +
C+nl.nm ,
C
@ +U  ,
C+nlnm ,
C
 3
iru +l> m, @ +x> y,> +s> t, dqg +u> v,
Khqfh/
+
Cnl
C
@ 
Cnm
C
 +U ,
C+nlnm ,
C
@ nm
Cnl
C
. nl
Cnm
C
 3
zklfk jlyhv +
Cnm
C
+nm  nl,  nl+U ,  3
Cnm
C
+nl  nm, nm+U ,  3
Qrwlqj wkdw nm  nl ; +l> m, zh rewdlq +
Cnl
C

nl+U,
nmnl
 3
Cnm
C
 
nm+U,
nmnl
 3

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Informal Economy A transitional Economy
Iljxuh 4= Wkh Surwdelolw| dqg Vroydelolw| Htxdwlrqv
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Iljxuh 5= Wkh Lqwhuhvw udwh dqg wkh Hfrqrplf Wudqvlwlrq Surfhvv
Iljxuh 6= Wkh Srvvleoh Ghidxow Shu Surmhfw dqg wkh Hfrqrplf Wudqvlwlrq Surfhvv
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W+1ODE+R//
pt
pt f+kt,St H/
pt f+kt,St L/
Iljxuh 7= Wkh sursruwlrq ri surmhfwv lq wkh Hfrqrplf Wudqvlwlrq Skdvh
Iljxuh 8= Wkh Hhfw ri dq lpsuryhphqw lq Fuhglw Pdunhw Shuihfwlrq rq wkh Edqn*v Uhvhuyhv
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Iljxuh 9= Wkh Hhfw ri dq Lpsuryhphqw lq Fuhglw Pdunhw Shuihfwlrq rq wkh Lqwhuhvw Udwh
Iljxuh := Wkh Hhfw ri dq Lpsuryhphqw lq Fuhglw Pdunhw Shuihfwlrq rq Fdslwdo Dffxpxodwlrq
5:
1 2 3 4 5 6 7 8 9 10
t
kokm ka
kb
kD
kt
+D 0.37, O 0.9, S 0.9, R 2, V 1/
kt S1
kt S2
kt S1
Iljxuh ;= Wkh Fdslwdo Dffxpxodwlrq Sdwk Xqghu Wzr Vhqdulrv
Iljxuh <= Uhvhuyhv Shu Surmhfw
5;
Iljxuh 43= Wkh sursruwlrq ri surmhfwv dw glhuhqw ohyhov ri wkh fdslwdo ohyho
Iljxuh 44= Wkh G|qdplfv ri wkh ri wkh surmhfw sursruwlrq zkhq nr 	 npf dqg Vw @ K iru hyhu| w
5<
Iljxuh 45= Wkh G|qdplfv ri wkh ri wkh surmhfw sursruwlrq zkhq nr : npf dqg Vw @ K iru hyhu| w
Iljxuh 46=
63
Iljxuh 47=
64
